We obtain the orbifold Virasoro master equation (OVME) at integer order λ, which summarizes the general Virasoro construction on orbifold affine algebra. The OVME includes the Virasoro master equation when λ = 1 and contains large classes of stress tensors of twisted sectors of conventional orbifolds at higher λ. The generic construction is like a twisted sector of an orbifold (with non-zero ground state conformal weight) but new constructions are obtained for which we have so far found no conventional orbifold interpretation.
Introduction
The Virasoro master equation (VME) summarizes the general Virasoro construction The stress tensorT (z) is conformal when L ab r satisfies the orbifold Virasoro master equation (OVME) at order λ, and the OVME contains the conformal field theories of the VME when λ = 1. At higher λ, the OVME contains large classes of stress tensors of twisted sectors of conventional permutation orbifolds, and many other constructions. The generic construction of the OVME is apparently a twisted sector of an orbifold or a Ramond (spin) sector because the ground state conformal weights∆ 0 of the constructions L(m ≥ 0)|0 = δ m,0∆0 |0 ,∆ 0 = 0 (1.3) are generically non-zero. New unitary solutions of the OVME are obtained however, with irrational central charge and/or irrational conformal weights, for which we have so far found no conventional orbifold interpretation.
2 Background 1
Orbifold affine algebra
We consider the orbifold affine algebra 9 Here, η I ab is the Killing metric of g I andk I = λk I is the level of the associated orbifold affine subalgebra. For applications we restrict ourselves to simple compact g, G ab =kη ab ,k = λk,x = 2k ψ 2 = λx, x = 2k ψ 2 (2.4) where ψ is the highest root of g and unitarity 9 requires that the invariant level x be a positive integer. We will also need the operator product form 9 of g λ J (r) a (z)Ĵ 
Subalgebras of g λ
The algebra g λ contains a set of regularly embedded subalgebras g η ⊂ g λ , J which is isomorphic to the set of order η orbifold affine algebras, taken at levels {k I = λk I }.
The special case η = 1 is known as the integral affine subalgebra 13, 14, 9 , whose generatorŝ
form an affine Lie algebra at levels {k I }. Related subalgebras include h η ⊂ g λ , λ/η ∈ Z Z + where h ⊂ g is any Lie subalgebra of g. There are many other subalgebras of g λ , for example the algebra generated bŷ
where ⌊x⌋ is the integer less than or equal to x. When µ = λ η ∈ Z Z + , these are the generatorŝ
of the g η subalgebras above.
Normal ordering
In Ref. 9, the (mother theory) normal-ordering convention
was used for the product of any two integer-moded orbifold principal primary fields, including the orbifold currents with (mother theory) conformal weights ∆(A) = ∆(B) = 1. We will use instead the OPE normal-ordering convention
where the x contour does not encircle the origin. In the case of the orbifold currents, the two conventions are related by
and we note that the modes of the OPE normal-ordered bilinears satisfy
annihilates the ground state. The current bilinears also have a symmetry (see App. A)
(2.14)
which will play an important role in the general construction below. (The symmetry holds for : JJ : M as well.)
3 General Virasoro Construction
Summary of the computation
Following the suggestion of Ref. 9, we consider the candidate stress tensorŝ
where {L ab r } is a set of λ "inverse inertia tensors". Then, following Ref. 1, we require that T satisfies the Virasoro algebrâ
This computation (see App. A) results in the restriction on L ab r
(where we have defined L ab r±λ ≡ L ab r ) and the central charge,
The form of the restriction (3.3), in terms of the combination F ab r , is a consequence of the symmetry (2.14). Any solution of the system (3.3) gives a conformal stress tensorT , but this system is problematic because it has more unknowns than equations.
Equivalent Solutions
The system (3.3) determines only the combination F ab r in (3.3b) . This means that (3.3) has a "gauge invariance" under the gauge transformation
for any set of symmetric matrices Λ Using the symmetry (2.14) again, we see that the gauge transformation (3.5) is also an invariance of the stress tensor
for λ odd (3.6) and similarly for the central charge. This tells us that all solutions in any given gauge orbit are physically equivalent, and we are entitled to choose a gauge.
The OVME
The most convenient gauge choice is 
In what follows, we will refer to (3.9b,c) as the orbifold Virasoro master equation (OVME).
As a check at λ = 1, we define 3.10) and the OVME reduces to the Virasoro master equation 1,2 (VME):
as it should since g λ=1 is affine Lie algebra. The solutions of the OVME are in one-to-one correspondence with the conformal stress tensorsT in (3.9a), and we find
where∆ 0 is the conformal weight of the ground state. This conformal weight is generically nonzero so that the generic construction of the OVME is like a twisted sector of an orbifold or a Ramond spin sector. The ground state conformal weight may occasionally vanish, e.g. the CFT's of the VME at λ = 1 have∆ 0 = 0. Using the constraints (3.9c) to pull back the L's into the fundamental range a ,
the OVME has the explicit form: For even λT
a For λ = 1 and 2 the fundamental range in (3.13) is the original range in (3.1b).
In these relations, we have used the convention that a sum is zero when its lower limit is greater than its upper limit. The forms (3.14b) and (3.15b) of the OVME are useful for computational purposes, while the form (3.9b) is useful for studying general properties of the system.
4 Properties of the OVME
Counting
The OVME is a set of
coupled quadratic equations for the same number of unknowns (3.13). The number of physically inequivalent solutions to the OVME expected 3 at each levelk is therefore
where we have subtracted the degrees of freedom associated with the Lie g covariance
of the OVME. As examples of (4.2), one finds
where λ = 1 is the VME and the growth with λ at fixed g is exponential.
It is clear that, as in the VME, most of the solutions of the OVME will be new and (because the OVME is a large set of coupled quadratic equations) the new constructions will have generically irrational conformal weights and central charges.
L
ab r independent of r For any λ, we consider the simple consistent ansatz
(Ĝ is defined in (2.3)) which collects all inverse inertia tensors independent of r. Then the OVME simplifies to a rescaled VME
where G ab is defined in (3.11c). Inspection of (4.6) giveŝ
where L ab (G) is any solution of the VME (3.11b) on semisimple affine Lie g.
The constructions (4.7) were given in Ref. 9 . They are the stress tensors of the twisted sectors of all the cyclic permutation orbifolds
which can be constructed from λ copies of any affine-Virasoro construction (3.11a) . In what follows, we will call (4.7) the set of cyclic constructions. Because they operate in cyclic permutation orbifolds, the cyclic constructions form a Virasoro subalgebra of the orbifold Virasoro algebra
The stress tensors of the twisted sectors of the S n permutation orbifolds can also be constructed 15, 9, 16, 17 as sums of commuting copies of the cyclic constructions (4.7). This is because every element of S n can be expressed as a product of disjoint cyclic permutations.
where the zero-twist componentT (0) of the extended algebra is the cyclic constructionT in (4.7).
Among the cyclic constructions, we note in particular the orbifold affine-Sugawara constructionT g λ ,T
where Q I is the quadratic Casimir of g I and c g is the central charge of the affine-Sugawara construction 12,18−21 at levels {k I } on semisimple g. The form of these constructions 13,14,9 on simple g is:
is the dual Coxeter number of g, x ∈ Z Z + is the invariant level in (2.4) and
is the central charge of the affine-Sugawara construction on simple g. The orbifold affine-Sugawara constructions include the affine-Sugawara constructions T g at λ = 1, and we shall see below that the orbifold affine-Sugawara constructions play the same fundamental role in the OVME that the affine-Sugawara constructions play in the VME.
Constructions on subalgebras
The OVME at order λ has solutions L(λ; h η ) given by
where L(h η ) is any solution to the OVME on h η , h ⊂ g (with central chargeĉ(h η ) and ground state conformal weight∆ 0 (h η )). The order η solutions appear at order λ because h η ⊂ g λ (see Section 2.2). The subalgebra constructions (4.12) include in particular the orbifold affine-Sugawara construction on h η ⊂ g λ ,
for simple g and simple h where r is the index of embedding of h ⊂ g.
We also mention the case h η = g 1 of (4.12), which collects all constructions on the integral affine subalgebra:
where L ab (Ĝ) is any solution to the VME (3.11b) with G ab replaced byĜ ab in (2.3). These stress tensors are isomorphic to the stress tensors of the VME and the ground state conformal weights vanish, as expected, for all these constructions because L ab 0 does not contribute to∆ 0 in (3.12).
K-conjugation covariance
At order λ, the OVME exhibits K-conjugation covariance through the orbifold affine-Sugawara constructionT g λ , which includes the familiar K-conjugation covariance 12,18,22,23,1 through the affine-Sugawara construction when λ = 1. This means (see App. A) that the K-conjugate inertia tensorLL
is a solution of the OVME when L is a solution, and
whereT is the corresponding K-conjugate stress tensor. Drawing on experience with the VME, K-conjugation covariance tells us that the conformal field theory corresponding toT can be considered as a gauge theory 24,25,3,5−8 in which the cyclic permutation orbifold of λ copies of WZW is gauged by the K-conjugate partner T ofT . The OVME has another covariance, which we call Aut(Z Z λ ) covariance, that has no analog in the VME: For any automorphism of
is a solution when L is a solution. Aut(Z Z λ ) covariance relates conformal constructions with the same central charge but generically different conformal weights.
Coset constructions
At order λ, consider the orbifold affine-Sugawara constructionT hη ≡T hη (λ; h η ) on h η ⊂ g λ where g and h are semisimple. (For simple g and h, this construction is given in (4.13)). The K-conjugate partner ofT hη is the general g λ /h η coset construction,
which includes the ordinary coset constructions 12, 18, 22 at λ = 1. The special case of (4.18) given by Kac and Wakimoto 13,14 is g λ /g η=1 , that is η = 1 and h = g witĥ
The extension to g λ /h η=1 was given in Ref. 9 . It was conjectured in Ref. 9 that the coset construction g λ /h η=1 corresponds to the twisted sectors of a different kind of orbifold
where h D (λ) is the diagonal subalgebra of h × ... × h.
Nests
Repeated K-conjugation on nested orbifold affine subalgebras g λ ⊃ h
(1)
ηn gives the orbifold affine-Sugawara nests, which generalize the affine-Sugawara nests 26, 27, 3 of the
The orbifold affine-Sugawara constructions and the coset constructions are the lowest nests, and the first non-trivial nests arê
More generally one has the orbifold affine-Virasoro nests, includinĝ
is an arbitrary construction on the subalgebra h In what follows, we refer to the solutions discussed above (the cyclic constructions, the subalgebra constructions on h η ⊂ g λ and the orbifold affine-Virasoro nests) as "known" solutions of the OVME and all other solutions will be called "new".
The Lie g-Invariant Constructions
Many consistent ansätze 27,3 and subansätze can be found for the OVME, as for the VME. In this section we concentrate on the Lie g-invariant constructions on simple g, whose abundance is a surprising feature of the OVME. The generalization of the "graph theory ansatz" on SO(n), familiar 28 at λ = 1, is also given in App. B.
Group-invariant ansatz
We consider the group-invariant ansatz
(η ab is the inverse Killing metric of g) which collects all Lie g-invariant constructions in the OVME on simple g. We know that this ansatz includes at least the trivial construction L = 0, the orbifold affine-Sugawara constructionT g λ , the particular subalgebra constructionŝ T gη , the coset constructions g λ /g η and all orbifold affine-Sugawara nests of the form g λ ⊃ g η ⊃ ... ⊃ g η′ . Among these only two constructions survive at λ = 1, namely the trivial construction and the affine-Sugawara construction on g. We shall see that the number of new Lie g-invariant constructions increases rapidly with λ. Substitution of (5.1) into (3.9b) gives the reduced OVME of the ansatz:
c =xdimg(
where ψ is the highest root of g andx = λx, x ∈ Z Z + . For computational purposes we
give also the forms of the reduced OVME in the fundamental range:
We see that the group-invariant ansatz (5.1) is a consistent ansatz, giving ⌊ λ 2 ⌋ + 1 coupled quadratic equations and unknowns.
At each levelx, it follows that there are
Lie g-invariant solutions at order λ. In fact, these solutions are organized into N(λ) level families 3 , according to the high-level behavior
of each level family. Only four of these level families are "known" at prime λ, and so there will be
new Lie g-invariant level families at these orders. The high-level expansion 28,3 of the Lie g-invariant level families also shows that each level family is unitary forx = λx, x ∈ Z Z + , at least down to some finite radius of convergencê
Experience 3 with the VME shows that x 0 is usually quite low, for example x 0 = 1 or 2 (see also Subsecs. 5.2 and 5.3).
We turn now to finding exact solutions of Eqs. (5.3b) and (5.4b). In solving these equations it was useful to note that only the r = 0 equations have l 0 dependence on their right hand sides, which effectively reduces the number of equations by one. Then we were able to factorize 27,3 linear combinations of the r = 0 equations through λ = 6. We find no new solutions c for λ = 1, 2, 3 and 4. The results for λ = 5 and 6 are reported below.
c For example the four solutions at λ = 2 are the trivial construction, the orbifold affine-Sugawara construction, the affine-Sugawara construction on the integral affine subalgebra and a Kac-Wakimoto coset.
Irrational conformal weights at λ = 5
At λ = 5 there are 2 2+1 = 8 level families, four of which are new:
K-conjugation takes (θ, η) → (−θ, −η) and all these constructions are unitary d forx = 5x,
The central charges (5.8d) are rational, but the conformal weights of the ground states of these constructions are generically irrational
and other conformal weights will be generically irrational because the L's are irrational. We will discuss this set of new constructions further in Sec. 6.
Unitary irrational central charge at λ = 6
At λ = 6 there are 2 3+1 = 16 level families, four of which are new:
It also follows that the high-level expansions of these level families are convergent down to and including level x = 1.
As in the previous case, K-conjugation takes (θ, η) → (−θ, −η).
Using the fact that the dual Coxeter numberh g is positive for all compact Lie algebras, we have checked that α, and hence L ab r , are real for all levelsx = 6x, x ∈ Z Z + of all compact Lie algebras. It follows that these constructions are also unitary e for these levels and algebras.
For these constructions, both the central charge and the ground state conformal weight are generically irrational:
due to the quantity α in (5.10e). For certain levels the central charge is rational (for example levelx = 6x = 6 of SU(2) and SU (3)). At fixed g, the central charges increase monotonically withx, and, for the classical Lie algebras (e.g. SU(n)), the central charges increase monotonically with n. 6 Discussion: The Lie h-invariant constructions
The solutions above for λ ≤ 6 show that the Lie g-invariant constructions of the OVME are closely related to the Lie h-invariant constructions 29, 3 , with h ⊂ g, which have been studied in the VME. Following Ref. 29 , the Lie h-invariant constructions of the OVME are those constructions on g λ whose inertia tensors are Lie h-invariant
where ψ a parameterizes the Lie group H ⊂ G near the origin. Then we know from Ref. 29 that these constructions occur in Lie h-invariant quartets, octets, etc., and the currents of the Lie h-invariant stress tensors are either (1, 0) operators (associated to a global h-symmetry) or (0, 0) operators (associated to a local h-symmetry).
In the case of the OVME, Lie h symmetry guarantees at least a global or local h 1 symmetry, although h η symmetry can also appear. For example, the general coset construction on g λ /h η lives in the Lie h-invariant quartet
+T hη 0 Figure 1 : The simplest Lie h-invariant quartet where K g λ is the usual K-conjugation (T =T g λ −T ) through the orbifold affine-Sugawara construction on g λ and K g λ /hη is (a trivial example of) another K-conjugation through the coset construction itself (T =T g λ /hη −T withT = 0 orT g λ /hη ).
The general Lie h-invariant quartet has the form
The general Lie h-invariant quartet whereT (h η ⊂ g λ ) is any locally Lie h-invariant construction on g λ (so thatT commutes with the currents of h η ). The K-conjugation K g λ /hη through the coset construction relates the two locally-invariant constructions in the quartet, the other two constructions being globally invariant. For the Lie g-invariant ansatz, one should read h η → g η . We have checked that the two new sets of constructions at λ = 5 and 6 are Lie g-invariant quartets with the form so that K g λ /g 1 is conjugation through the Kac-Wakimoto coset construction in both these cases. The constructions with θ = −1 have a local g-invariance while the constructions with θ = 1 have only a global g-invariance.
To check these conclusions for all the Lie g-invariant constructions, we have evaluated theTĴ (0) OPE in this case to find Although all the Lie g-invariant constructions have a local or global symmetry associated to g η=1 , it is also possible to have larger symmetries associated to h η = g η , η ≥ 2. Indeed, there is a quartet at λ = 4 associated to g η=2 . One remaining question is the nature of the extra (perhaps discrete) symmetry of L ab r which dictates the larger symmetry. In the case of the λ = 5 quartet, one sees further structure because there are only two independent central charges in (5.8d). In fact, we may write these central charges aŝ
which shows that the two g 1 -local theories (θ = −1) have the same central charge, and moreover that this central charge is exactly half of the central charge of the Kac-Wakimoto coset.
Local Lie h-invariant constructions with c = c g/h , called the self K g/h -conjugate constructions 29, 3 , are known from the VME, whereT andT inT =T g λ −T are automorphically equivalent inertia tensors (related by a transformation in Aut(h)). The mechanism here, although similar, is not the same: In the present case, conjugation by K g 5 /g 1 (η → −η) is an example of the Aut(Z Z λ ) covariance of the OVME (see Subsec. 4.4), so that the two constructions withĉ = 1 2ĉ g 5 /g 1 have generically different conformal weights. The central charges in (5.8d) (or (6.4)) can also be written aŝ
where c g (x) is the central charge of the affine-Sugawara construction on g. Since conventional orbifoldization does not change the central charge of a theory, the form (6.5) suggests that the new constructions at λ = 5 might be twisted sectors of orbifolds which start with copies of a conformal field theory whose central charge is c = c g /2. Conformal field theories with c = c g /2 are in fact known (the self K-conjugate constructions 28,3 at λ = 1), but these occur only for dimg = even, leaving us without a conventional orbifold interpretation for the new constructions at λ = 5. For the new constructions at λ = 6, we have no suggestion at present for a conventional orbifold interpretation.
Extensions
In this section we consider the "Feigin-Fuchs" and the inner-automorphic deformations of the general Virasoro construction on orbifold affine algebra. For λ ≥ 3, further deformations by the full antisymmetric part of the current bilinears :Ĵ [aĴb] : may also be possible.
7.1ĉ-changing deformations
The "Feigin-Fuchs" extension iŝ
where the matrix M(L) b a is given in (A.7b). The ground state conformal weight∆ 0 is still given by (3.12), and these generalizedĉ-changing deformations include the familiar c-changing deformations 30,1 at λ = 1.
7.2ĉ-fixed deformations
Similarly, the generalizedĉ-fixed deformations have the form
and the OVME (3.9) holds for L ab r . These deformations describe inner automorphic twists or spectral flow in the twisted sectors (see also Subsec. 7.4), a phenomenon which is familiar 12, 30, 1 at λ = 1.
Deformation of the Lie g-invariant constructions
The Lie g-invariant constructions of Secs. 5 and 6 allow a large class of both theĉ-changing andĉ-fixed deformations. In this case we find that
where ∆ is given in (6.2b). The result (7.3a) tells us that the extra term in the generalized OVME (7.1b) vanishes, so that the reduced OVME (5.2b) is maintained forĉ-fixed or c-changing deformations of any Lie g-invariant construction. We have recalled in (7.3c) that all currentsĴ (0) a of any Lie g-invariant construction are either (1,0) or (0,0) operators. Then (7.3b) tells us that one may deform any Lie g-invariant construction by arbitrary D a or d a for anyĴ
a which is a (1,0) current (global g symmetry) of the construction. In particular the orbifold affine-Sugawara construction may be deformed by arbitrary D or d, a fact which is familiar 30 for the affine-Sugawara constructions at λ = 1.
The doubly-twisted affine algebra
Theĉ-fixed deformation of the orbifold affine-Sugawara construction for simple g
(see Eqs. (4.10) and (4.11)) describes spectral flow in the twisted sectors of the WZW permutation orbifolds
where each copy of g has been twisted by the same arbitrary vector d, using the known λ = 1 form 30 of (7.4).
Following Ref. 30 , the spectral flow (7.4) is equivalent to introducing inner-automorphically twisted orbifold currents. In the Cartan-Weyl basis, these currents satisfy the "doublytwisted" affine algebra
for all d A , whereĤ A andÊ α are the Cartan and root operators respectively. The relations (7.6) are understood with the periodicity conditionŝ
in analogy to the conditions (2.2).
The doubly-twisted algebra (7.6) reduces to the orbifold affine algebra (2.1) when d = 0 and it reduces to inner-automorphically twisted 31, 30, 32 affine Lie algebra when λ = 1. More generally, the doubly-twisted algebra exhibits an intricate interplay between the discrete orbifold twist (outer automorphism) and the continuous spectral flow (inner automorphism). The doubly-twisted algebra can be obtained by the orbifold induction procedure 9 from the spectral flow at λ = 1 given in Ref. 30 . The relations arê For any three operators A, B, C we have
•Symmetry of the bilinears To prove the symmetry (2.14) of the current bilinears, we use the fact that the commutator of the normal-ordered bilinear :ĴĴ : is related to the derivatives of the singular terms of thê JĴ OPE (2.5a):
:
In this paper,
•Ĵ :ĴĴ : OPE Starting with theĴĴ OPE (2.5a) and using Wick's theorem, we can evaluate theĴ :ĴĴ : 
•: JJ :: JJ : OPE To evaluate the OPE of two current bilinears we apply Wick's theorem again
•Matching to the Virasoro algebra We turn now to study the general stress tensorT in (3.1). To evaluate theTT OPE set s = −r and u = −t in (A.8b) and multiply by
Comparing this to the Virasoro algebra (3.2) we find that the third-order pole term is zero since the identities which can be simplified to the linear form in (3.4) using (3.3) .
•First-order pole The first-order pole term in the Virasoro algebra (3.2) is guaranteed to be correct because the higher-order pole terms are correct. To see this explicitly, we writê
where F (w) is unknown, and this may be relabeled aŝ
We can determine F by a Taylor expansion z = w + (z − w) of (A.11) and its analytic continuationT (z)T (w) =T (w)T (z):
Comparing to (A.12) we see that F (w) = ∂ wT (w) (A.14)
which completes the verification of the Virasoro algebra (3.2).
•K-conjugation In parallel with the VME, it is straightforward to check that the K-conjugate partner L and this is easily rearranged into (4.16b).
Appendix B. Graph Theory Ansatz on g λ = SO(n) λ
The graph theory ansatz SO(n) diag on SO(n) λ=1 is familiar 28,3 from the VME. Here we find the generalization in the OVME to the ansatz SO(n) The high-level expansion also shows that each level family is unitary forx = λx, x ∈ Z Z + , at least down to some finite radius of convergencex 0 = λx 0 .
In the colored graph theory, the orbifold affine-Sugawara construction SO(n) λ lives on the complete colored graph with n points and ⌊ •Aut(SO(n))-inequivalent level families are in one-to-one correspondence with the (point) unlabelled colored graphs.
•Since K-conjugation is through the orbifold affine-Sugawara constructions, K-conjugate level families live on complementary colored graphs.
•Self K-conjugate constructions 28, 3 , with half the orbifold affine-Sugawara central chargê 
